In a recent paper we unified Bessel functions of different orders .Here we extend the unification to other linairely independant solutions to Bessel equation ,Neumann's and Hankel's functions
Let us recall first that to Bessel functions one can associate polynomials O n (z). These are Neumann polynomials .The relationship between them is performed through the known formula.
with O n (z) = A n + (−1) n A −n
The first step towards the solution of our problem is to show that if , to Bessel functions one can associate Neumann polynomials O n (z), one can equally well associate to reduced Bessel functions something and these associated objects are precisely Neumann function N n (z) . We are not sure if a formula which relates reduced Bessel functions to Neumann functions ,similar to the above one 6, already exists in the literature ,so we prefer to work it out first.In doing this we largely follow a method which dates back to Sonine [2] and adapts it to the present need.Let us first state the result.Let Ω(τ ) be an an arbitrary function of τ and if Ω(τ ) = x ,let τ = 0(x) so that 0 is the inverse function to Ω .Denote the function and the function we associate to it respectively Z n (z) and A n (t) and define them through their integral representations as follows
then it is not that difficult to prove the existence of a formula relating both functions
Re z
To prove the result 7 , suppose for any given positive value of x that | τ |>| 0(x) | on a closed curve C surrounding the origin and the point z and that | τ |<| 0(x) | on a closed c surrounding the origin but not enclosing the point z .Then compute the series
In going to the third line,we perform the summations
(τ on the path C )and .In this case the function associated to the reduced Bessel function has the integral form .
The integral defining the function A n (t) is easily identified [5] to the K n (t) function which is the Hankel function of imaginary argument
then relates reduced Bessel funnctions to Hankel functions which are associated to them 2 π
In writing this formula we have used the property of the Hankel functions that H −n = (−1) n H n . At this point if we restrict ourselves to t and z reals and take the complex conjugate of the above formula we get another formula
where, this time, we use the property H
ν (z * ) . Adding 9 to 10 and using the definition of Neumann function in term of Hankel functions 3 we get the desired result 2 π
The particular form of the left hand side of this equation (a happy event) and the presence of reduced Bessel functions on the right hand side of the equation allow a straigthforward and quite elegant application to Neumann 's function of the unifying formula 4 ( valid for reduced Bessel functions ) .In fact we can perform a succession of valid operations .
Where the capital sigma operator with the t variable acquires an extra factor (−1)
This extra factor comes from the identity.
Note that in the last line of 12 we identified the result of the action of the operator exp(λ t ) on Neumann functions of integer orders with Neumann function of orders n + λ as for reduced Bessel functions.That is we put
It remains to show 15, that is ,the result of the mapping operation by the operator e λ is indeed Neumann functions of real orders n + λ and not something else.To see this let us proceed as follows 2 π
In the first line we use the fact that the sum is independant of λ and hence change the parameter λ → λ − m .In the second line we absorb the index m as we sum over all m ǫ Z .From 16 we infer the symmetry property of the A n,λ
This symmetry means that A n,λ only depends on the combination n+λ that is A n,λ = A n+λ .This remark together with the fact that A n+λ | λ=0 = t n N n (t) leads to the identification 15as we anticipated in the last line of 12 Formula 15 is the main result of the paper .It shows that Neumann functions are unified irrespective of their orders being integer or real .They are unified through the same formula as reduced Bessel functions z n J n (z) in 5. Note that we could have already applied the procedure to Hankel function's first by starting from the identities 9 and .10. In this case we could have obtained a similar unifying formulas ( i=1,2 ).
Let us note that our formula 18 for the evolution of Hankel functions could be used to infer the evolution equation for reduced Bessel function z n J n by using the defining equation 3 of J' s in terms of H' s . By simple inspection one can see that the result we get is indeed
